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����([SHULPHQWiOQt�S�HKOHG
(OHNWULFNê�RGSRU�PQRKD�NRY$�D�VOLWLQ�QiKOH�NOHVi�N�QXOH�� MH�OL�Y]RUHN

RFKOD]HQ� QD� GRVWDWHþQ�� Qt]NRX� WHSORWX�� þDVWR� GR� REODVWL� WHSORW\� NDSDOQpKR
KpOLD��7HQWR�MHY�E\O�SRSUYp�SR]RURYiQ�Y�URFH������X�UWXWL��3�L� MLVWp�NULWLFNp
WHSORW�� 7F� GRFKi]t� YH� Y]RUNX� N� Ii]RYpPX� S�HFKRGX� ]H� VWDYX� V� QRUPiOQtP
HOHNWULFNêP�RGSRUHP�GR�VXSUDYRGLYpKR�VWDYX��REU�������

2EU�������7HSORWQt�]iYLVORVW�RGSRUX�Y]RUNX�UWXWL�

9�VXSUDYRGLYpP�VWDYX�MH�VWHMQRVP�UQê�HOHNWULFNê�P�UQê�RGSRU�QXORYê
QHER� YHOPL� EOt]Nê� QXOH�� %\OR� SR]RURYiQR�� åH� Y� VXSUDYRGLYêFK� SUVWHQFtFK
SUREtKDO� HOHNWULFNê� SURXG� EH]� MDNpKRNROLY� ~WOXPX� SR� GREX� GHOãt� MHGQRKR
URNX�� QHå� E\O� H[SHULPHQW� S�HUXãHQ�� 6XSUDYRGLþH� VH� FKRYDMt� YH� VWiOêFK
PDJQHWLFNêFK� SROtFK� �EXGH� XS�HVQ�QR�� MDNR� GRNRQDOi� GLDPDJQHWLND� V
PDJQHWLFNRX� LQGXNFt� XYQLW�� Y]RUNX� URYQRX� QXOH�� 8PtVWtPH�OL� Y]RUHN� GR
PDJQHWLFNpKR� SROH� D� RFKODGtPH� MHM� QD� WHSORWX� SRG� WHSORWRX� S�HFKRGX� GR
VXSUDYRGLYpKR� VWDYX�� S$YRGQ�� S�tPê� PDJQHWLFNê� WRN� EXGH� ]H� Y]RUNX
Y\WODþHQ���0HLVVQHU$Y�MHY��REU�����

0DJQHWLFNp� YODVWQRVWL� VXSUDYRGLþ$� PDMt� UR]KRGXMtFt� Yê]QDP� SUR
FKDUDNWHUL]DFL� VXSUDYRGLYpKR� VWDYX�� 6XSUDYRGLYê� VWDY� MH� XVSR�iGDQêP
VWDYHP� YRGLYRVWQtFK� HOHNWURQ$� Y� NRYX�� 8VSR�iGiQt� VSRþtYi� YH� Y\WYR�HQt
YROQ�� VSRMHQêFK� HOHNWURQRYêFK� SiU$�� (OHNWURQ\� MVRX� XVSR�iGiQ\� S�L
WHSORWiFK�SRG�7F�D�QHXVSR�iGiQ\�QDG�WRXWR�WHSORWRX��3RGVWDWX�D�S$YRG�WRKRWRXVSR�iGiQt�Y\VY�WOLOL�%DUGHHQ��&RRSHU�D�6FKULHIIHU��%&6�WHRULH����������
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� 2EU�����0HLVVQHU$Y� MHY� Y� VXSUDYRGLYp� NRXOL�� 3�L� VQtåHQt� WHSORW\� SRG
NULWLFNRX�WHSORWX�MVRX�PDJQHWLFNp�LQGXNþQt�þiU\�Y\WODþHQ\�]�REMHPX
NRXOH�

����9êVN\W�VXSUDYRGLYRVWL
� 6XSUDYRGLYRVW� VH� Y\VN\WXMH� X� PQRKD� NRYRYêFK� SUYN$� SHULRGLFNp

VRXVWDY\�� WDE�� ����� DOH� WDNp� YH� VOLWLQiFK�� SRORYRGLþtFK� D� QRY�ML� L� X
NHUDPLFNêFK� PDWHULiO$�� $å� GR� URNX� ����� E\OD� QHMOHSãtP� ]QiPêP
VXSUDYRGLþHP� VOLWLQD� 1E�*H� V� NULWLFNRX� WHSORWRX� ����� .�� WHFKQLFN\DSOLNRYDQRX�E\OD�VOLWLQD�1E�6Q�Y�VXSUDYRGLYêFK�VROHQRLGHFK��GR����7���2GREMHYX� VXSUDYRGLYRVWL� Y� URFH� ������ Y]KOHGHP� N� REURYVNêP� DSOLNDþQtP
PRåQRVWHP�� E\OR� FtOHP� ]NRXPiQt� PQRKD� ODERUDWR�t� QDOp]W� W]Y�
Y\VRNRWHSORWQt�VXSUDYRGLþH��3RG�SRMPHP�Y\VRNRWHSORWQt�VH� UR]XPt�NULWLFNi
WHSORWD� 7F� Y\ããt� QHå� MH� WHSORWD� NDSDOQpKR� GXVtNX� �7]NDS ��� .��� NWHUê� MHSRGVWDWQ��OHYQ�Mãt�QHå�GRVXG�QXWQp�KHOLXP��7]NDS ����.��3RGVWDWQpKR� SRNURNX� E\OR� GRVDåHQR� Y� URFH� ����� QDOH]HQtP
VXSUDYRGLYpKR� VWDYX� X� V\VWpPX� %D�/D�&X�2� V� 7F ��� .� �1REHORYD� FHQD������

=iP�QRX� ODQWKDQX� \WWULHP� QHER� JDGROLQLHP� E\OD� GRVDåHQD� NULWLFNi
WHSORWD�7F ���.�S�L�QRUPiOQtP�WODNX�9]RUN\�W�FKWR�QRYêFK�VXSUDYRGLþ$�VH�Y�WãLQRX�S�LSUDYXMt�NHUDPLFNRX
WHFKQRORJLt�]�YêFKR]tFK�SUiãNRYêFK�VXURYLQ��5\FKORVW�U$VWX�]SUiY�R�QRYêFK
Y\VRNRWHSORWQtFK�VXSUDYRGLþtFK�MH�RG�URNX������S�tPR�]iYUDWQi�
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7DE������3DUDPHWU\�VXSUDYRGLYêFK�SUYN$
+ 9�SROtþNX�MVRX�XYHGHQ\��]QDþND�SUYNX���NULWLFNi�WHSORWD��.���NULWLFNp�PDJQHWLFNp

SROH�S�LDEVROXWQt�QXOH��* ����7���6XSUDYRGLYp�SUYN\�MVRX�
+H

/L %H RUiPRYiQ\��SUYN\�V�PDJQHWLFNêP�XVSR�iGiQtP
MVRX�ãHGp���9ãLPQ�WH�VL��åH�VH�W\WR�GY��YODVWQRVWL
Y\OXþXMt���3UYN\�VXSUDYRGLYp�MHQ�]D�]YOiãWQtFK
SRGPtQHN�MVRX�R]QDþHQ\�KY�]GLþNRX�
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�����6XSUDYRGLYRVW�Y�PDJQHWLFNpP�SROL�
'RVWDWHþQ�� VLOQp�PDJQHWLFNp� SROH� ]QLþt� VXSUDYRGLYRVW�� 3UDKRYi� QHER

NULWLFNi� KRGQRWD� YQ�MãtKR� PDJQHWLFNpKR� SROH� GRVWDþXMtFtKR� N� UR]UXãHQt
VXSUDYRGLYRVWL� VH� ]QDþt� � D� MH� IXQNFt� WHSORW\�� 3�L� NULWLFNp� WHSORW�� MH+(7)
NULWLFNp� SROH� QXORYp�� � �� =iYLVORVW� NULWLFNpKR� SROH� Q�NROLND+F(7F) = �
VXSUDYRGLYêFK�SUYN$�QD�WHSORW��MH�QD�REU������

2EU�����)i]RYp� UR]KUDQt� PH]L� VXSUDYRGLYêP� D� QRUPiOQtP� VWDYHP
VXSUDYRGLþH�,��GUXKX�Y�URYLQ��+�7�

VXSUDYRGLYRVW

QRUPiOQt�VWDY
+

77F

+��7�F
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=iYLVORVW�NULWLFNpKR�SROH�QD�WHSORW��O]H�]DSVDW�YH�WYDUX
�+F = D(7F� − 7�)

0DJQHWLFNi� LQGXNFH� � Y� OiWFH� ]iYLVt� QD� LQGXNFL� YQ�MãtKR� SROH� �% %D
Y]WDKHP� ���NGH� �MH�YHNWRU�PDJQHWL]DFH�% = %D + µ�0 0
6XSUDYRGLþH����GUXKX��
W]Y��P�NNp��MDNR�QDS���6Q��,Q��3E�MVRX�~SOQ��GLDPDJQHWLFNp�Då�NH�NULWLFNpPX
SROL�� WM�� � SUR� � S�L� � �� 0DJQHWL]DFH� �% = � + ≤ +F 7 ≤ 7F 0 = −%D

µ� = −+F
0DJQHWL]DþQt�N�LYND��NWHURX�RþHNiYiPH�SUR�VXSUDYRGLþH���GUXKX��MH�QD�REU�
����

3�L� �QHSURQLNQH�åiGQp�SROH�GR�Y]RUNX� ��+RGQRW\� � MVRX+〈+F (% = �) +F
QDWROLN� Qt]Np�� åH� VH� VXSUDYRGLþH� ��� GUXKX� QHKRGt� N� SRXåLWt� Y� FtYNiFK
VXSUDYRGLYêFK�PDJQHW$�

2EU������0DJQHWL]DþQt�N�LYND�VXSUDYRGLþH�,��GUXKX��3RG�+F�0DJQHWLFNp�SROH
QHSURQLNi�GR�PDWHULiOX�

6XSUDYRGLþH����GUXKX�
W]Y��WYUGp��1E�6Q��1E�=U�Y\ND]XMt�PDJQHWL]DþQt�N�LYNX�WYDUX�XYHGHQpKR�QD
REU������

3RG� GROQt� NULWLFNRX� KRGQRWX�PDJQHWLFNpKR� SROH� � VH� FKRYDMt� MDNR+F�
VXSUDYRGLþH� W\SX� ,�� WM�� MVRX� ~SOQ�� GLDPDJQHWLFNp�� PH]L� � D� �+F� +F�
PDJQHWL]DFH� VSRMLW�� NOHVi� N� QXOH� �� WM�� SROH� SURQLNi� GRYQLW��� +RGQRWD� �+F�
S�HY\ãXMH� Då�R�GYD� �iG\�KRGQRWX�NULWLFNpKR�SROH� �P�NNêFK� VXSUDYRGLþ$+F

�� +RUQt� NULWLFNi� KRGQRWD� SROH� GRVDKXMH� X� ]QiPêFK� VXSUDYRGLþ$(+〈���7)
KRGQRW\�Då����7��7DNRYp�PDWHULiO\� MVRX�Xå�Y\XåtYiQ\�SUR�YLQXWt�VROHQRLG$
Y\WYi�HMtFtFK� Y\VRNi� VWDWLFNi� PDJQHWLFNi� SROH�� S�L� VWDYE�� YêNRQQêFK
XU\FKORYDþ$�þiVWLF��HOHNWURPRWRU$��G\QDP�DSRG�
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2EU������ 0DJQHWL]DþQt� N�LYND� VXSUDYRGLþH� ,,�� GUXKX�� 3RG� +F� 0DJQHWLFNp
SROH� QHSURQLNi� GR� PDWHULiOX�3RG� +F�� VH� FKRYi� VWHMQ�� MDNR
VXSUDYRGLþ�,��W\SX��0H]L�+F��D�+F��0�NOHVi�N�QXOH�D�%�URVWH�N�+�

����0�UQi�WHSHOQi�NDSDFLWD
3�L�Qt]NêFK� WHSORWiFK�]iYLVt�P�UQi� WHSHOQi�NDSDFLWD�QRUPiOQtKR�NRYX

QD� WHSORW�� Y]WDKHP� �� NGH� OLQHiUQt� þOHQ� RGSRYtGi� ]D� H[FLWDFHFY = $7 + %7�
HOHNWURQ$��NXELFNê�þOHQ�MH�S�tVS�YHN�RG�NPLW$�P�tåN\�

3RG� NULWLFNRX� WHSORWRX� VXSUDYRGLYpKR� S�HFKRGX� VH� WRWR� FKRYiQt
SRGVWDWQ�� P�Qt�� -DNPLOH� WHSORWD� NOHVQH� SRG� 7F� �Y� QXORYpP� PDJQHWLFNpP
SROL��� P�UQp� WHSOR� VH� VNRNHP� ]Yêãt� D� SDN� SRPDOX� NOHVi�� S�tSDGQ�� NOHVQH
YêUD]Q��SRG�KRGQRWX�RþHNiYDQRX�SUR�QRUPiOQt�NRY�

3�L� YHOPL� Qt]NêFK� WHSORWiFK� NOHVi� P�UQp� WHSOR� VXSUDYRGLþH� SRGOH
Y]WDKX� �� 7R� MH� FKDUDNWHULVWLFNp� WHSHOQp� FKRYiQt� V\VWpPX�FY ∼ H[S 

− δ
N%7


NWHUê� Pi� GY�� HQHUJHWLFNp� KODGLQ\�� ]iNODGQt� D� H[FLWRYDQRX�� RGG�OHQp
HQHUJHWLFNRX�PH]HURX�ãt�N\��δ���9HOLNRVW�� �MH��iGX�N%7F�REU������δ

2EU������ 9RGLYRVWQt� SiV� Y� QRUPiOQtP� VWDYX� D� HQHUJHWLFNi� PH]HUD� QD
)HUPLKR�KODGLQ��Y�VXSUDYRGLYpP�VWDYX��7\SLFNi�ãt�ND�MH�(J≈����()�

([LVWHQFH� WpWR� HQHUJHWLFNp� PH]HU\� MH� SRGPtQNRX� SUR� WR�� DE\� VH� W]Y�
&RRSHURY\�SiU\�HOHNWURQ$�PRKO\�NU\VWDOHP�SRK\ERYDW�EH]�UR]SW\OX�

0
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++F+F +F+F�� � �

QRUPiOQt�NRY VXSUDYRGLþ

() ()
]DSOQ�Qp�VWDY\]DSOQ�Qp�VWDY\
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����-RVHSKVRQ$Y�MHY
=D�YKRGQêFK�SRGPtQHN�P$åHPH�VOHGRYDW�SR]RUXKRGQp�MHY\��NWHUp�MVRX

VSRMHQ\� V� WXQHORYiQtP� VXSUDYRGLYêFK� HOHNWURQRYêFK� SiU$� ]H� VXSUDYRGLþH
YUVWYRX� L]ROiWRU$� GR� GUXKpKR� VXSUDYRGLþH�� 7DNRYRX� VWUXNWXUX� QD]êYiPH
VODEêP�VSRMHP��REU�����

2EU������-RVHSKVRQ$Y�VODEê�VSRM�

6WHMQRVP�UQê�-RVHSKVRQ$Y�MHY�
%H]�MDNpKRNROLY�HOHNWULFNpKR�QHER�PDJQHWLFNpKR�SROH�SUREtKi�VSRMHP

VWHMQRVP�UQê�SURXG��9ROWDPSpURYi�FKDUDNWHULVWLND�-RVHSKVRQRYD�VSRMH�MH�QD
REU������

2EU������ 9ROW�DPSpURYi� FKDUDNWHULVWLND� -RVHSKVRQRYD� VSRMH�� 3�L� QXORYpP
QDS�Wt�SURWpNi�VSRMHP�VWHMQRVP�UQê�SURXG�Då�GR�NULWLFNpKR�SURXGX
,F��WR�MH�VWHMQRVP�UQê��-RVHSKVRQ$Y�MHY��3�L�QDS�Wt�QDG�8F�Pi�VSRMNRQHþQê� RGSRU�� DOH� SURFKi]HMtFt� SURXG� Pi� VW�tGDYRX� VORåNX� R
IUHNYHQFL�ω �H9�K��WR�MH�VW�tGDYê�-RVHSKVRQ$Y�MHY�

,F� MH� NULWLFNê� SURXG� �,F��P$� �� ]iYLVOê� QD� SORãH� D� WORXã"FH� YUVWY\�� -H� WR
PD[LPiOQt�SURXG��NWHUê�P$åH�VODEê�VSRM�S�HQpVW��DQLå�E\�VH�QD�Q�P�Y\WYR�LOR
QDS�Wt�� 3URFKi]HMtFt� SURXG� MH� GiQ� Y]WDKHP� � ]iYLVt� QD� WORXã"FHL = LFVLQδ� δ
YUVWY\��� ���δ = ψ� − ψ�

��QP

Ψ≈ Ψ≈H HMϕMϕ ����
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6W�tGDYê�-RVHSKVRQ$Y�MHY
3�LORåtPH�OL�VWHMQRVP�UQp�QDS�Wt�Y\ããt�QHå�8F��Y]QLNQH�SURXG��NWHUê�Pi

VW�tGDYRX�VORåNX
�� NGH� �� 7HG\� VWHMQRVP�UQp� QDS�Wt� Y\EXGtL = LFVLQ (δ − ωW) ω = �H9

K
VW�tGDYê� SURXG�� MHKRå� IUHNYHQFH� MH� ������ 0+]� QD� �� 9� QDS�Wt�� $SOLNDFH
-RVHSKVRQRYD� MHYX� MVRX� UR]PDQLWp�� 8PRå�XMt� NRQVWUXNFL� PDJQHWRPHWU$� V
FLWOLYRVWt�Då�������7��JDOYDQRPHWU$�V�PRåQRVWt�P��HQt�QDS�Wt�V�FLWOLYRVWt������

9��GHWHNWRU$�Y\VRNRIUHNYHQþQtKR�YêNRQX�Då�������:�S�L����*+]��DWG�
6KUQXWt
���6XSUDYRGLþ�VH�Y\]QDþXMH�QXORYêP�RGSRUHP�S�L�SRGNULWLFNêFK�KRGQRWiFK
WHSORW\��7F����PDJQHWLFNpKR�SROH� �D�HOHNWULFNp�SURXGRYp�KXVWRW\��,F���

+


��� 9]RUHN� Y� VXSUDYRGLYpP� VWDYX� Y\ND]XMH� GRNRQDOê� GLDPDJQHWLVPXV
�0HLVVQHU$Y�MHY���PDJQHWLFNi�LQGXNFH�XYQLW��MH�QXORYi�
���([LVWXMt�GYD�GUXK\�VXSUDYRGLþ$�
9�VXSUDYRGLþL����GUXKX�GRMGH�NH�]UXãHQt�VXSUDYRGLYpKR�VWDYX�D�N�QiYUDWX�GR
QRUPiOQtKR�VWDYX��S�HNURþt�OL�PDJQHWLFNp�SROH�MLVWRX�NULWLFNRX�KRGQRWX� �+F
6XSUDYRGLþ����GUXKX�Pi�GY��NULWLFNi�SROH� �D� ��+F� +F�
9�SROL� �VH�FKRYi�MDNR�VXSUDYRGLþ����GUXKX�+〈+F�
9�SROL� �MH�VWiOH�MHãW��VXSUDYRGLYê��DOH�QHQt�LGHiOQ��GLDPDJQHWLFNê�+F�〈+〈+F�
7HSUYH�S�L�S�HNURþHQt� �VH�VXSUDYRGLYê�VWDY�]UXãt��+F�
��� 'YD� VXSUDYRGLþH� RGG�OHQp� WHQNRX� GLHOHNWULFNRX� YUVWYRX� Y\ND]XMt
-RVHSKVRQRY\� MHY\�� SURXG� SURFKi]t� EH]� ~E\WNX� QDS�Wt�� 3�L� S�LORåHQt
VWHMQRVP�UQpKR�QDS�Wt�Y]QLNi�VW�tGDYê�SURXG�Y\VRNp�IUHNYHQFH� �(��0+]�µ9)
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���0DJQHWLFNp�YODVWQRVWL�OiWHN
3HYQp�OiWN\�VH�Y\]QDþXMt�YHGOH�PHFKDQLFNêFK��HOHNWULFNêFK�D�RSWLFNêFK

YODVWQRVWt� MHãW��YODVWQRVWPL�PDJQHWLFNêPL��'RVDYDGQt�PRGHO\��NWHUp� VWDþLO\
QD�Y\VY�WORYiQt�U$]QêFK�YODVWQRVWt�SHYQêFK�OiWHN��VH�]DNOiGDO\�QD�HOHNWULFNp
LQWHUDNFL� PH]L� HOHNWURQ\� D� LRQW\� NU\VWDOX�� =iNODGQtP� S�HGSRNODGHP� E\OD
S�tVQi� SHULRGLþQRVW� XVSR�iGiQt� DWRP$� Y� NU\VWDORYp�P�tåFH�� E\O� WR� SUREOpP
HOHNWURQ$�Y�SHULRGLFNpP�SRWHQFLiOX��=DYHGHQt�P�tåNRYêFK�SRUXFK�XPRåQLOR
Y\VY�WOHQt� �DG\� GDOãtFK� YODVWQRVWt� �QDS��� SHYQRVW��� 9� S�tSDG�� PDJQHWLVPX
S�LVWXSXMt�GDOãt�]iNODGQt�SDUDPHWU\��PDJQHWLFNp�PRPHQW\�HOHNWURQ$�D�DWRP$�
UHVSHNWLYH�PROHNXO��0DJQHWLFNê�PRPHQW� EX�� Y]QLNi�PDJQHWLFNêP� SROHP�
SDN�VH�MHGQi�R�GLDPDJQHWLVPXV��QHER�MH�VWiORX�YODVWQRVWt�VWDYHEQtFK�SUYN$
SHYQp� OiWN\�� SDN� MGH� R� SDUDPDJQHWLVPXV��0DJQHWLFNp� YODVWQRVWL� SHYQêFK
OiWHN� MVRX� XUþRYiQ\� Y]iMHPQêP� S$VREHQtP� PDJQHWLFNêFK� PRPHQW$� PH]L
VHERX�

����=iNODGQt�SRMP\
(OHNWULFNp� D� PDJQHWLFNp� PDNURVNRSLFNp� YHOLþLQ\� � MVRX

(�'�+�%


Y]iMHPQ�� Yi]iQ\� 0D[ZHOORYêPL� URYQLFHPL�� 0H]L� YHNWRUHP� PDJQHWLFNp
LQGXNFH� ���7HVOD���D�YHNWRUHP�LQWHQ]LW\�PDJQHWLFNpKR�SROH� ���$�P���SODWt% +
Y]WDK� �� NGH� � MH� YHNWRU� PDJQHWL]DFH� OiWN\% = µ+ = µUµ�+ = µ�+ + 0 0
QDFKi]HMtFt� VH� Y� SROL� R� LQWHQ]LW�� ��PDJQHWLFNi� VXVFHSWLELOLWD�χ+�0 = µ�χ+
VRXYLVt�V�UHODWLYQt�SHUPHDELOLWRX�Y]WDKHP� ��9HNWRU�PDJQHWL]DFH� �χ = µU − � 0
MH�GHILQRYiQ�MDNR�PDJQHWLFNê�PRPHQW�REMHPRYp�MHGQRWN\� ��NGH� �0 = Σ PL

9 P L
MVRX� PDJQHWLFNp� PRPHQW\� MHGQRWOLYêFK� DWRP$� OiWN\�� =iNODGQtP� QRVLWHOHP
PDJQHWLVPX� MH� HOHNWURQ�� 0DJQHWLFNê� PRPHQW� HOHNWURQX� VH� VNOiGi� ]H� W�t
KODYQtFK�S�tVS�YN$�� SUYê�Pi� VY$M� S$YRG�YH� VSLQRYpP�PRPHQWX� HOHNWURQX�
GUXKê� Y� MHKR� PRPHQWX� RUELWiOQtP� D� W�HWt� YH� ]P�Q�� RUELWiOQtKR� PRPHQWX
Y\YRODQp� YQ�MãtP� PDJQHWLFNêP� SROHP�� 3UYp� GYD� S�HGVWDYXMt
SDUDPDJQHWLFNê��]DWtPFR�W�HWt�GLDPDJQHWLFNê�S�tVS�YHN�N�PDJQHWL]DFL�

����5R]G�OHQt�PDJQHWLFNêFK�OiWHN
3RGOH�KRGQRW\� ��QHER�χ�UR]OLãXMHPH�QiVOHGXMtFt�PDJQHWLFNp�MHY\�µU
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���'LDPDJQHWLVPXV
��9êVOHGQi�PDJQHWL]DFH� �D�Y\YROiYDMtFt�SROH� �PDMt�RSDþQê�VP�U�µU〈��χ〈� 0 +

6XVFHSWLELOLWD�GLDPDJQHWLN� MH� �iGRY�� �D�QH]iYLVt�QD� WHSORW��DQL�QDχ ≈ −��−�
LQWHQ]LW�� YQ�MãtKR� PDJQHWLFNpKR� SROH�� REU������ .� QRUPiOQtP
GLDPDJQHWLFNêP� OiWNiP� �H[LVWXMt� L� DQRPiOQt�� SDW�t� YãHFKQ\� LQHUWQt� SO\Q\�
Q�NWHUp� NRY\� �$X�0J�&X��� Q�NWHUp� QHNRY\� �6L�� 3�� 6�� D� PQRKp� RUJDQLFNp
VORXþHQLQ\�

'RNRQDOêP�GLDPDJQHWLVPHP�VH�Y\]QDþXMt�VXSUDYRGLþH�

2EU�������'LDPDJQHWLVPXV

���3DUDPDJQHWLVPXV
� � � �9HNWRU\� �D� �PDMt�VWHMQê�VP�U��6XVFHSWLELOLWD�EêYi��iGRY�µU > ��χ > � 0 +

����������D�QHQt�]iYLVOi�QD� LQWHQ]LW��SROH� ��DOH� MH� WHSORWQ��]iYLVOi��&XULH$Y+
]iNRQ���REU�����

.�SDUDPDJQHWLFNêP�OiWNiP�SDW�t�YãHFKQ\�YROQp�DWRP\�D�LRQW\��Q�NWHUp
SO\Q\��2��12���NDSDOLQ\�D�Q�NWHUp�NRY\� �$O�&U�3W������3RG�XUþLWRX�NULWLFNRXWHSORWRX� VH� PRKRX� SDUDPDJQHWLFNp� OiWN\� VWiW� OiWNDPL� IHURPDJQHWLFNêPL�
IHULPDJQHWLFNêPL�QHER�DQWLIHURPDJQHWLFNêPL�

2EU�������3DUDPDJQHWLVPXV

���)HULPDJQHWLVPXV�D�IHURPDJQHWLVPXV
� ��6XVFHSWLELOLWD�MH�YHOPL�Y\VRNi�D�GRVDKXMH�KRGQRW����������µU〉〉��χ〉〉�

MH�IXQNFt�WHSORW\�D�QHMHGQR]QDþQRX�IXQNFt��YL]�GiOH��PDJQHWLFNpKR�SROH��3�L
GRVDåHQt�&XULHRY\� WHSORW\�7F�Y\VRNi�SHUPHDELOLWD�]DQLNi�D� OiWN\�VH�FKRYDMt

��χ
Τ0

&XULH$Y
]iNRQ &XULH$Y

�:HLVV$Y
]iNRQ

��χ

ΤΤF
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MDNR�SDUDPDJQHWLFNp��REU�����������)HURPDJQHWLN\�MVRX�]HMPpQD�)H��&R��1L�D
MHMLFK�VOLWLQ\�

2EU������)HURPDJQHWLVPXV� �3UR�7�7F� � MH� Y\QHVHQD�PDJQHWL]DFH�� SUR�7!7F
SDN���χ�

)HULPDJQHWLND�MVRX�IHULW\��NWHUp�PDMt�VWUXNWXUX�0H2�)H�2���NGH�0H�MH
NRYRYê� LRQW� &D�� 0J�� =Q����� 9\]QDþXMt� VH� Qt]NRX� YRGLYRVWt�� WDNåH� MVRX
SRXåLWHOQp� SUR� Y\VRNRIUHNYHQþQt� SROH� �Qt]Np� ]WUiW\� Yt�LYêPL� SURXG\��
([LVWXMt� IHULW\� P�NNp� �SUR� YI� SROH�� D� WYUGp� �SUR� SHUPDQHQWQt� PDJQHW\��
6SHFLiOQt� IHULW\�� QDS��� JUDQiW� \WULWR�åHOH]Qê�<�)H�2��� �<�*�� VH� SRXåtYi� SUREXEOLQRYp� PDJQHWLFNp� SDP�WL�� )HULPDJQHWLVPXV� Y]QLNi� X� OiWHN�� NGH
PDJQHWLFNp� PRPHQW\� GYRX� SRGP�tåHN� VH� QHNRPSHQ]XMt� S�HVQ��� WDNåH
S�HYOiGi� PDJQHWL]DFH� Y� MHGQRP� VP�UX�� 9\VN\WXMH� VH� X� NU\VWDOLFNêFK� L
DPRUIQtFK�OiWHN�

2EU�� ����)HULPDJQHWLVPXV� �3UR� 7�7F� � MH� Y\QHVHQD�PDJQHWL]DFH�� SUR� 7!7F
SDN���χ�

���$QWLIHURPDJQHWLVPXV
1D� MHGQRGXFKRX� DQWLIHURPDJQHWLFNRX� OiWNX� O]H� SRKOtåHW� MDNR� QD� GY�

LGHQWLFNp� IHURPDJQHWLFNp�SRGP�tåN\�� MHå� VH�SURQLNDMt� WDN�� åH� VSLQ\�Y� MHGQp
SRGP�tåFH� MVRX�RULHQWRYiQ\�S�HVQ��RSDþQ��NH� VSLQ$P�Y�GUXKp�SRGP�tåFH� �
H[LVWXMH�WHG\�SRX]H�Y�NU\VWDOLFNêFK�OiWNiFK�

9�WãLQD� DQWLIHURPDJQHW$� MVRX� LRQWRYp� VORXþHQLQ\� MDNR� R[LG\�� VXOILG\
�)H2��&R6��0Q6�������XVSR�iGDQp�VOLWLQ\���)H�0Q��&U3W��3W�)H�����=DMtPDYi�MH�WHSORWQt�]iYLVORVW�VXVFHSWLELOLW\�DQWLIHURPDJQHWLND��REU�����
1DG� 1pHORYRX� WHSORWRX� 71� VH� FKRYi� MDNR� OiWND� SDUDPDJQHWLFNi� SRGOH
&XULHRYD�:HLVVRYD� ]iNRQD�� 9� DQWLIHURPDJQHWLFNp� REODVWL� SRG� 71� VH

1/χ

ΤΤF

0V

1/χ

ΤΤF

0V

���0DJQHWLFNp�YODVWQRVWL�OiWHN

���



VXVFHSWLELOLWD� V� NOHVDMtFt� WHSORWRX� VQLåXMH� Y]KOHGHP� N� XSHY�XMtFtPX� VH
XVSR�iGiQt� QD� GORXKRX� Y]GiOHQRVW�� 3�L� DEVROXWQt� QXOH� MH� XVSR�iGiQt
PDJQHWLFNêFK�PRPHQW$�RERX�SRGP�tåHN�LGHiOQtKR�DQWLIHURPDJQHWLND�S�HVQ�
DQWLSDUDOHOQt�

2EU�������$QWLIHURPDJQHWLVPXV

����$WRPiUQt�SRSLV�PDJQHWLVPX�
0DJQHWLFNê�PRPHQW�þiVWLF��DWRP$��SHYQp�OiWN\�MH�]S$VREHQ��
D��SRK\EHP�HOHNWURQX�NROHP�MiGUD���RUELWiOQt�PRPHQW
E��YODVWQt�URWDFt�HOHNWURQX���VSLQRYê�PRPHQW
F��YODVWQt�URWDFt�MiGUD�DWRPX���MDGHUQê�PRPHQW��
D��2UELWiOQt�PRPHQW

3RGOH� NODVLFNpKR� %RKURYD� PRGHOX� VHVWiYi� DWRP� ]� NODGQ�� QDELWpKR
MiGUD�D�HOHNWURQ$�SRK\EXMtFtFK�VH�QD�VWDFLRQiUQtFK�RUELWHFK��.DåGê�HOHNWURQ
S�HGVWDYXMH�SRGOH�$PSpUD�SURXGRYRX�VP\þNX�V�PDJQHWLFNêP�PRPHQWHP

���PH = µ�,6 = µ�Hω
�π πU� = µ�HωU�

�
� MH�~KORYi�IUHNYHQFH�URWDFH�HOHNWURQX�NROHP�MiGUD�QD�GUi]H�R�SRORP�UX�U�ω

0RPHQW�K\EQRVWL�HOHNWURQX�QD�GUi]H��RUELWiOQt�PRPHQW�K\EQRVWL��PRUE PωU�
0DJQHWLFNê�PRPHQW�VRXYLVt�MHGQRGXãH�V�RUELWiOQtP�PRPHQWHP�

��PHPRUE = µ�H
�P = J

FRå� MH� W]Y�� RUELWiOQt� J\URPDJQHWLFNê� SRP�U� J�� 3URWRåH� RUELWiOQt� PRPHQW
K\EQRVWL� MH� NYDQWRYiQ�� EXGH� VWHMQêP� ]S$VREHP� NYDQWRYiQ� L� PDJQHWLFNê
PRPHQW��1HMPHQãt�PRåQi�QHQXORYi�KRGQRWD�PDJQHWLFNpKR�PRPHQWX

�P% = µ�HK
�P = ����� ��−��:EP

VH� QD]êYi� %RKU$Y� PDJQHWRQ� D� MH� WR� QHMPHQãt� NYDQWXP� PDJQHWLFNpKR
PRPHQWX�
-DN� MH� WR� V� NYDQWRYiQtP� SRK\EX� HOHNWURQX� Y� DWRPX"� 9ODVWQt� IXQNFH
6FKU|GLQJHURY\� URYQLFH� SUR� YRGtNRYê� D� YRGtNX� SRGREQê� DWRP� MVRX
FKDUDNWHUL]RYiQ\�W�HPL�NYDQWRYêPL�þtVO\�
�L��KODYQt�NYDQWRYp�þtVOR�Q� �����������XUþXMH�HQHUJLL�HOHNWURQX�

1/χ

Τ0 ΤΝ

$) SDUD
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�LL�� RUELWiOQt� NYDQWRYp� þtVOR� O�  � ����������� Q��� XUþXMH� RUELWiOQt� PRPHQW
K\EQRVWL� D� FKDUDNWHUL]XMH� WYDU� HOHNWURQRYêFK� RUELW$�� (OHNWURQ\� YH� VWDYHFK
O�  � ������������ VH� QD]êYDMt� SRVWXSQ�� V�S�G�I� HOHNWURQ\�� (OHNWURQ\� V� QHPDMt
RUELWiOQt�PRPHQW� K\EQRVWL� �O�  � ���� D� SURWR� QHPDMt� DQL� RUELWiOQt�PDJQHWLFNê
PRPHQW��SUR�NWHUê�SODWt� �PRUE = K O(O + �)
�LLL�� PDJQHWLFNp� NYDQWRYp� þtVOR� � XUþXMH� SU$P�WP = ��±��±�� ������±O
RUELWiOQtKR� PRPHQWX� K\EQRVWL� GR� VP�UX� YQ�MãtKR� PDJQHWLFNpKR� SROH
�REY\NOH�RVD�]����P]� �P�K�

2EU�� ����� .YDQWRYiQt� ]�NRPSRQHQW\� RUELWiOQtKR� PRPHQWX� K\EQRVWL�� 3�L
S$VREHQt� H[WHUQtKR� PDJQHWLFNpKR� SROH� YH� VP�UX� ]� PDJQHWLFNp
NYDQWRYp�þtVOR�PO�XUþXMHKRGQRWX�NRPSRQHQW\�PRPHQWX�K\EQRVWL�YHVP�UX�]��7\WR�KRGQRW\�MVRX�NYDQWRYiQ\��

.H� NDåGpPX� RUELWiOQtPX� PRPHQWX� FKDUDNWHUL]RYDQpPX� RUELWiOQtP
NYDQWRYêP� þtVOHP� O� H[LVWXMH� �O� ��� PRåQêFK� RULHQWDFt� PDJQHWLFNpKR
PRPHQWX��REU�������
E��6SLQRYê�PDJQHWLFNê�PRPHQW�HOHNWURQX

6DPRWQê� HOHNWURQ�Pi� VSLQ� V�� 6SLQRYê�PDJQHWLFNê�PRPHQW� HOHNWURQX
YH�VP�UX�YQ�MãtKR�PDJQHWLFNpKR�SROH��RVD�]�� ���NGH�J� ��P6= = JVP% = ±P%
MH� IDNWRU� VSHNWURVNRSLFNpKR� UR]ãW�SHQt� D� � MH� VSLQRYp� NYDQWRYp� þtVOR�V = ±�

�
9ODVWQt� KRGQRW\� VSLQRYpKR� PRPHQWX� MVRX� SDN� Y� DQDORJLL� N� RUELWiOQtPX
FKRYiQt� ��PV = V(V + �) K

√O�
O����

�OK

OK
P�KO

]

P� O
P� O
P� O
P� O
P� O

P� O
P� O ��

��
�
��
��
�O ��

�O ��
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F��0DJQHWLFNê�PRPHQW�MiGUD
9]KOHGHP�N�WRPX��åH�KPRWQRVW�MiGUD�MH�YHONi�YH�VURYQiQt�V�KPRWQRVWt

HOHNWURQX��MH�S�tVS�YHN�MiGUD�N�PDJQHWL]DFL�YHOPL�PDOê�D�YH�Y�WãLQ��E�åQêFK
S�tSDG$�VH�QHXYDåXMH��1XNOHiUQt�PDJQHWRQ� ��.�P��HQt� MDGHUQpKRP1% = P%

����
PDJQHWLVPX�VH�SRXåtYi�PHWRGD�QXNOHiUQt�PDJQHWLFNp�UH]RQDQFH��105����

7DE�����5R]ORåHQt�HOHNWURQ$�GR�VWDY$�SUR�Q�NWHUp�SUYN\
3UYHN �V �V �S �V �S �G �V �S �G �I �V �S �G �I �V �S �G
+ �
+HG �
/L � �
%H � �
% � � �
& � � �
1 � � �
2 � � �
) � � �
1HG � � �
1D � � � �
0J � � � �
$O � � � � �
6LG � � � � �
3 � � � � �
6 � � � � �
&O � � � � �
$UG � � � � �
. � � � � � �
&D � � � � � �
6F � � � � � � �
7L � � � � � � �
9 � � � � � � �
&U � � � � � � �
0QI � � � � � � �
)HI � � � � � � �
&RI � � � � � � �
1LI � � � � � � �
&XG � � � � � �� �
=QG � � � � � �� �
*D � � � � � �� � �
*H � � � � � �� � �
$V � � � � � �� � �
6H � � � � � �� � �
%U � � � � � �� � �
.UG � � � � � �� � �
5E � � � � � �� � � �
6U � � � � � �� � � �
< � � � � � �� � � � �
=U � � � � � �� � � � �
1E � � � � � �� � � � �
0R � � � � � �� � � � �
7F � � � � � �� � � � �
5X � � � � � �� � � � �
5K � � � � � �� � � � �
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3G � � � � � �� � � ��
$J � � � � � �� � � �� �
&G � � � � � �� � � �� �
,Q � � � � � �� � � �� � �
6Q � � � � � �� � � �� � �
6E � � � � � �� � � �� � �
7H � � � � � �� � � �� � �
- � � � � � �� � � �� � �
;HG � � � � � �� � � �� � �

G��0DJQHWLFNê�PRPHQW�PQRKRHOHNWURQRYpKR�DWRPX
(OHNWURQ\� VORåLW�MãtFK� DWRP$� MVRX� UR]G�OHQ\� GR� VIpU� .�/�0�1�2�3�4

SRGOH� VWRXSDMtFt� KRGQRW\� KODYQtKR� NYDQWRYpKR� þtVOD�� Q�  � ���������� D� XYQLW�
NDåGp� VIpU\� GR� RUELWDO$� V�S�G�I� SRGOH� VWRXSDMtFt� KRGQRW\� YHGOHMãtKR
NYDQWRYpKR� þtVOD� O�  � ����������� 9� NDåGpP� RUELWDOX� MH� QHMYêãH� ��(�O + �)
HOHNWURQ$�� Y� NDåGp� VIp�H�� XUþHQp� KODYQtP� NYDQWRYêP� þtVOHP�Q��PD[LPiOQ�

� � HOHNWURQ$�� 9êVOHGQê� PDJQHWLFNê� PRPHQW� VORåLW�MãtFK� DWRP$� MH�Q�
YHNWRURYêP�VRXþWHP�RUELWiOQtFK�D�VSLQRYêFK�PRPHQW$��.DåGê�HOHNWURQ�Pi
YODVWQt� FHONRYê�PHFKDQLFNê�PRPHQW� L�D� W\WR�PRPHQW\� WYR�t- L = PRUE�L + PVL
YêVOHGQê�PHFKDQLFNê�PRPHQW�DWRPX� �- = Σ - L
9êVOHGQê�PDJQHWLFNê�PRPHQW�DWRPX� ��� ���0 = -(- + �) P%J - = / ± 6
-�MH�YêVOHGQp�NYDQWRYp�þtVOR�DWRPX�
/�6�MVRX�YêVOHGQi�RUELWiOQt��UHVS��VSLQRYi�þtVOD�DWRPX�
J�MH�/DQGpKR�IDNWRU�

0DJQHWLFNp� PRPHQW\� VSLQRYp� L� RUELWiOQt� PRKRX� EêW� þiVWHþQ�� QHER
~SOQ��Y\NRPSHQ]RYiQ\��0RKRX�QDVWDW�W�L�S�tSDG\�
�L�� -VRX�OL� ~SOQ�� Y\NRPSHQ]RYiQ\�RUELWiOQt�PRPHQW\�� MH�YêVOHGQê�PRPHQW
DWRPX�XUþHQ�SRX]H�VSLQRYêPL�PRPHQW\�HOHNWURQ$��7HQWR�VWDY�FKDUDNWHUL]XMH
IHURPDJQHWLVPXV�
�LL��-VRX�OL�~SOQ��Y\NRPSHQ]RYiQ\�VSLQRYp�L�RUELWiOQt�PRPHQW\��MH�YêVOHGQê
PRPHQW�DWRPX�URYHQ�QXOH�D�WDNRYp�DWRP\�Y\ND]XMt�GLDPDJQHWLVPXV�
�LLL�� -H�OL� Y\NRPSHQ]RYiQD� MHQ� þiVW� PRPHQW$� þL� VSLQRYp� PRPHQW\� ~SOQ��
MHGQi�VH�R�SDUDPDJQHWLVPXV� ��9�VRXODGX�V�S�HGORåHQêP�YêNODGHP�H[LVWXMH
YêVOHGQê� PDJQHWLFNê� PRPHQW� SRX]H� X� DWRP$� SUYN$� V� OLFKêP� DWRPRYêP
þtVOHP�� 9H� VWDELOQtP� VWDYX�� S�L� SOQ�� REVD]HQêFK� GUDKiFK� XYQLW�
HOHNWURQRYpKR� REDOX�� MH� QD� YQ�MãtP� RUELWX� YåG\� MHGHQ� HOHNWURQ� V
QHY\NRPSHQ]RYDQêP�GUDKRYêP�D�VSLQRYêP�PRPHQWHP��8�SUYN$�VH�VXGêP
DWRPRYêP�þtVOHP�PDMt� DWRP\�PDJQHWLFNê�PRPHQW�QXORYê�SURWRåH�YãHFKQ\
RUELW\�Y�HOHNWURQRYpP�REDOX�MVRX�REVD]HQ\�SiU\�HOHNWURQ$��MHMLFKå�GUDKRYp�D
VSLQRYp� PDJQHWLFNp� PRPHQW\� MVRX� Y]iMHPQ�� Y\NRPSHQ]RYiQ\�� 9êMLPNRX
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MVRX�SUYN\�V�QH~SOQ��REVD]HQêPL�YQLW�QtPL�KODGLQDPL�HOHNWURQRYpKR�REDOX�
WDE������ 6NXSLQD� åHOH]D� �QH~SOQê� RUELW� �G��� SDODGLD� �RUELW� �G��� ODQWKDQRLG\
�RUELW��I���SODWLQ\��RUELW��G���DNWLQRLG$��RUELW��I��
1DS���DWRP�åHOH]D�Pi�REVD]HQt�HOHNWURQRYêFK�KODGLQ�V��V��S��V��S��G��V���Y
RUELWX��G�MH�MHGQD�GUiKD�REVD]HQD�GY�PD�HOHNWURQ\�D�QD�]EêYDMtFtFK�þW\�HFK
GUDKiFK�MH�SR�MHGQRP�HOHNWURQX�

����'LDPDJQHWLFNp�OiWN\
-HY� GLDPDJQHWLVPX� MH� YêVOHGNHP� LQGXNþQtKR� S$VREHQt� YQ�MãtKR

PDJQHWLFNpKR� SROH� QD� SRK\EXMtFt� VH� HOHNWURQ\� Y� ]iNODGQtFK� þiVWLFtFK� OiWN\
�DWRPHFK�� LRQWHFK��� 9� G$VOHGNX� WRKR� Y]QLNi� Y� NDåGpP� DWRPX� GRGDWNRYê
PDJQHWLFNê� PRPHQW�� NWHUê� MH� RULHQWRYDQê� SURWL� VP�UX� S$VREtFtKR
PDJQHWLFNpKR�SROH�

'LDPDJQHWLVPXV� MH� YODVWQt� YãHP� DWRP$P�� LRQW$P� L� PROHNXOiP� YH
YãHFK�VNXSHQVWYtFK�OiWHN��-H�WR�YãDN�UHODWLYQ��VODEê�MHY�D�Y�WãLQRX�MH�S�HNU\Wê
VLOQ�MãtPL�MHY\��SDUDPDJQHWLVPHP�QHER�IHURPDJQHWLVPHP��

9� þLVWp� SRGRE�� MH� PRåQp� MHY� GLDPDJQHWLVPX� SR]RURYDW� X� OiWHN
VHVWiYDMtFtFK� ]� DWRP$� V� YêVOHGQêP� QXORYêP� PDJQHWLFNêP� PRPHQWHP
�GLDPDJQHWLFNp� DWRP\��� -VRX� WR� QDS��� LQHUWQt� SO\Q\� �+H�� 1H�� $U�� .U�� ;H��
LRQW\� WYR�tFt� P�tåNX� Q�NWHUêFK� NRY$� �=Q�� &X�� +J�� %L��� VORXþHQLQ\� MHMLFKå
VWDYHEQtPL� þiVWLFHPL� MVRX� LRQW\� SRGREQp� DWRP$P� LQHUWQtFK� SO\Q$
�/L��%H���$O�����2���������

3$VREHQtP�PDJQHWLFNpKR�SROH�R�LQWHQ]LW��+�QD�HOHNWURQ�SRK\EXMtFt�VH
QD� RUELWX� Y� DWRPX�� VH� ]P�Qt� IUHNYHQFH� MHKR� RE�KX�� FRå� VH� SURMHYt� MDNR
S�tGDYQê� PDJQHWLFNê� PRPHQW� � Pt�tFt� SURWL� RULHQWDFL0 = −µ��H�U�+

�P
PDJQHWLFNpKR�SROH�
'LDPDJQHWLFNi�VXVFHSWLELOLWD�REMHPRYp�MHGQRWN\�DWRP$�

�[GLD = µ�H�=Q〈U�〉
�P

NGH�=�MH�DWRPRYp�þtVOR��Q�NRQFHQWUDFH�DWRP$�
�MH�VW�HGQt�KRGQRWD�þWYHUFH�RUELWiOQtKR�SRORP�UX�〈U�〉

��〈U�〉 = Σ UL�

=
+RGQRW\�VXVFHSWLELOLW\�SUR�Y\EUDQp�DWRP\�MVRX�Y�WDE������
7DE������+RGQRW\�VXVFHSWLELOLW\�GLDPDJQHWLFNêFK�OiWHN�

/iWND χGLD /iWND χGLD
1� ��������� *D ���������

6L ��������� +J ���������

&X ��������� %L ���������
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3URWRåH� GLDPDJQHWLVPXV� MH� SRGPtQ�Qê� SURFHV\�� NWHUp� VRXYLVHMt� V
YQLW�QtP� SRK\EHP� HOHNWURQ$� Y� HOHNWURQRYpP� REDOX� DWRP$�� QHQt� SUDNWLFN\
]iYLVOê�QD�WHSORW��
����3DUDPDJQHWLFNp�OiWN\

6� MHYHP� SDUDPDJQHWLVPX� VH� VHWNiYiPH� X� OiWHN�� NWHUp� MVRX� WYR�HQ\
DWRP\� QHER� LRQW\� V� SHUPDQHQWQtPL� PDJQHWLFNêPL� PRPHQW\�� MHMLFKå
Y]iMHPQp�S$VREHQt�MH�YHOPL�PDOp�

7DWR�SRGPtQND� MH�GRE�H� VSOQ�QD�X� ]�HG�QêFK�SO\Q$�� GR� MLVWp�PtU\�YH
]�HG�QêFK� UR]WRFtFK� SDUDPDJQHWLFNêFK� LRQW$� D� X� NU\VWDO$�� YH� NWHUêFK� MVRX
PDJQHWLFNp�LRQW\�RGG�OHQp�RG�VHEH�GLDPDJQHWLFNêPL�DWRP\�

$WRP\�QHER�LRQW\�NRQDMt�Y�SDUDPDJQHWLFNp�OiWFH�PROHNXORYê�SRK\E�D
HQHUJLH� WRKRWR�SRK\EX� MH� �iGX�N%7��NGH�N%� MH�%ROW]PDQQRYD�NRQVWDQWD��7� MH
DEVROXWQt�WHSORWD��9�G$VOHGNX�WRKRWR�SRK\EX�YOiGQH�Y�SURVWRURYpP�UR]ORåHQt
PDJQHWLFNêFK� PRPHQW$� DWRP$� ~SOQê� QHSR�iGHN�� .G\å� WDNRYRX� OiWNX
YORåtPH� GR� YQ�MãtKR� PDJQHWLFNpKR� SROH� V� LQWHQ]LWRX� +�� S$VREt� SROH
XVSR�iGDMtFtP� ~þLQNHP� QD� MHGQRWOLYp� PRPHQW\� DWRP$� �SRGREQ�� MDNR
HOHNWULFNp�SROH�QD�HOHNWULFNp�GLSyO\��

3�HGSRNOiGHMPH�� åH� Y� MHGQRWNRYpP� REMHPX� PDJQHWLND� MH� Q� DWRP$�
NDåGê� Pi� PDJQHWLFNê� PRPHQW� P�� ÒKHO�� NWHUê� VYtUi� PDJQHWLFNê� PRPHQW
L�WpKR�DWRPX�VH�VP�UHP�PDJQHWLFNpKR�SROH�R]QDþPH� ���REU�����Θ L&HONRYi�PDJQHWL]DFH�OiWN\�

�0 = ΣP FRVΘ L = QP FRV 〈Θ〉
9êUD]� �S�HGVWDYXMH�VW�HGQt�KRGQRWX�]H�YãHFK�GR�~YDK\�S�LFKi]HMtFtFK〈FRVΘ〉
RULHQWDFt�~KO$� �Θ L

2EU�����2ULHQWDFH� PDJQHWLFNpKR� PRPHQWX� DWRPX� Y]KOHGHP� N� YQ�MãtPX
PDJQHWLFNpPX�SROL�

9êSRþHW�KRGQRW\� �SURYHGO�SRSUYp�3��/DQJHYLQ�V�XYiåHQtP��åH〈FRVΘ〉
SURWL� RULHQWDþQtPX� SURFHVX� Y\YROiYDQpPX� YQ�MãtP� PDJQHWLFNêP� SROHP
S$VREt� WHSHOQê� SRK\E� DWRP$� FKDUDNWHUL]RYDQê� WHSHOQRX� HQHUJLt� N%� 7�2GYRGLO��åH�PDJQHWL]DFH�OiWN\�S�L�WHSORW��7�MH

+

PL

PLFRV
ΘL
ΘL
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��0 = QP
FRWJK D − �D 

 = QP/(D)

NGH�/�D�� MH� W]Y�� /DQJHYLQRYD� IXQNFH� DUJXPHQWX� �� -HMt� SU$E�K� MH� QDD = P+
N%7

REU�������

2EU������/DQJHYLQRYD�IXQNFH�

6� URVWRXFtP� SROHP� +� QHER� V� NOHVDMtFt� WHSORWRX� VH� RULHQWDFH
PDJQHWLFNêFK� PRPHQW$� ]Y�WãXMH�� 7tP� WDNp� URVWH� PDJQHWL]DFH� OiWN\�� 3�L
E�åQêFK�PDJQHWLFNêFK�SROtFK�MH�VSOQ�QD�SRGPtQND�P+��N%�7��/DQJHYLQRYDIXQNFH�VH�Gi�UR]YpVW�GR��DG\��D�������

/(D) ≈ D
� − D�

�� + ����

D�PDJQHWL]DFH� �0 ≈ QP�+
�N%7

3DUDPDJQHWLFNi�VXVFHSWLELOLWD
���χSDUD = 0

µ�+ = QP�
�µ�N%7 = &

7
NGH�&� MH�&XULHRYD�NRQVWDQWD� D�Y]WDK� �Y\MDG�XMH�&XULH$Y& = QP�

�µ�N%7 χSDUD = &
7

]iNRQ��NWHUê�E\O�HPSLULFN\�QDOH]HQ�3��&XULH�MHãW��S�HG�/DQJHYLQHP�
.G\E\FKRP� FKW�OL� GRViKQRXW� ~SOQp� RULHQWDFH�� /�D�→�� SUR� D� !!� ��

]MLVWtPH� SR� GRVD]HQt� GR� Y]WDKX� ]D� D�� åH� SRW�HEQp� SROH� E\� PXVHOR� PtW
LQWHQ]LWX� ��7DNRYi�SROH�MVRX�Y�SUD[L�]DWtP�QHGRVWXSQi�+〉〉N%7P ≈ ���$P−�

.YDQWRYi� WHRULH� SDUDPDJQHWLVPX� SRVN\WXMH� VWHMQê� WYDU� WHSORWQt
]iYLVORVWL� SDUDPDJQHWLFNp� VXVFHSWLELOLW\� QD� WHSORW�� �� &XULH$Y� ]iNRQ�� V� WtP
UR]GtOHP�� åH� &XULHRYD� NRQVWDQWD�&� ]iYLVt� QD� FHONRYpP� NYDQWRYpP� þtVOH� -
DWRPX� ���NGH�J�MH�/DQGpKR�IDNWRU�VSHNWURVNRSLFNpKR�UR]ãW�SHQt�& = QP-(-+�)J

�µ�N%7

3

������������������������������������������
���
���
���
���
���/���� /����D D D

D
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+RGQRW\�χSDUD�SUR�Q�NWHUp�OiWN\�MVRX�Y�WDE������

7DE������+RGQRW\�VXVFHSWLELOLW\�SDUDPDJQHWLFNêFK�OiWHN�
/iWND χSDUD /iWND χSDUD
3W �������� /L ��������

&U �������� &D ��������

1E �������� 1D ��������

$O ��������

����)HURPDJQHWLFNp�OiWN\
1�NWHUp� OiWN\� PDMt� PDJQHWLFNp� YODVWQRVWL�� NWHUp� VH� OLãt� RG

GLDPDJQHWLFNêFK� D� SDUDPDJQHWLFNêFK� WtP�� åH� H[LVWXMH� LQWHUDNFH� PH]L
PDJQHWLFNêPL�PRPHQW\�DWRP$�Y�NU\VWDOX�YHGRXFt�N�XVSR�iGDQpPX�VWDYX�Y
GRPpQiFK�� 8VSR�iGiQt� GR� GRPpQ� VH� G�MH� SRG� MLVWRX� WHSORWRX� 7F�� 3URIHURPDJQHWLND�SODWt��åH�Y�QXORYpP�YQ�MãtP�PDJQHWLFNpP�SROL�MH�0�U$]Qp�RG
QXO\���GiOH�MH�FKDUDNWHULVWLFNp��åH�
�L�� PDJQHWL]DFH� QHQt� OLQHiUQt� IXQNFt� +�� SURWR� WDNp� VXVFHSWLELOLWD� χIHUR� D
SHUPHDELOLWD���MVRX�IXQNFHPL�SROH�
�LL��X�IHURPDJQHWLN�O]H�VQDGQR�GRViKQRXW�VWDYX�QDV\FHQp�PDJQHWL]DFH�
�LLL��QDG�&XULHRYRX�WHSORWRX�7F�MH�OiWND�SDUDPDJQHWLFNi�
�LY��PDJQHWLFNê�VWDY�]iOHåt�QD�S�HGFKR]t�KLVWRULL�OiWN\��K\VWHUH]H��

1D�Y\VY�WOHQt�IHURPDJQHWLFNêFK�YODVWQRVWt�Y\SUDFRYDO�3��:HLVV�������
IHQRPHQRORJLFNRX�WHRULL��NWHUi�Y\FKi]t�]H�GYRX�S�HGSRNODG$�
D�� 3RG�&XULHRYRX� WHSORWRX� VH� WYR�t�PDJQHWLFNp� GRPpQ\�� NDåGp� GRPpQ�� MH
S�L�D]HQ�YHNWRU�VSRQWiQQt�PDJQHWL]DFH� �0V
E�� =DYHGH� VH� :HLVVRYR� PROHNXOiUQt� SROH� �� NWHUp� VH� S�LþtWi� N� LQWHQ]LW�+Z
YQ�MãtKR� SROH� �� WDNåH� S�L� PDOêFK� KRGQRWiFK� � VH� GRPpQ\� RULHQWXMt� GR+ +
VP�UX�SROH� �+

:HLVVRYR� SROH� MH� GiQR� Y]WDKHP� �� NGH� NZ� MH� :HLVVRYD+Z = NZ0V
NRQVWDQWD�

&HONRYp� SROH� Y� PDJQHWLFNp� GRPpQ�� MH� �� S�LþHPå� YåG\+F = + + +Z
SODWt�� åH� +� ��� +Z� �� 9Q�Mãt� SROH� SURWR� SUDNWLFN\� QH]P�Qt� VSRQWiQQt
PDJQHWL]DFL� �0

9OLY�WHSORW\�QD�PDJQHWL]DFL�IHURPDJQHWLFNêFK�OiWHN�O]H�SRSVDW�URYQ�å
/DQJHYLQRYRX� IXQNFt� MDNR� X� SDUDPDJQHWLN�� SRX]H� V� WtP� UR]GtOHP�� åH
DUJXPHQW� �D = P(+++Z)

N%7
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1DG� &XULHRYRX� WHSORWRX� :HLVVRYR� SROH� ]PL]t� D� OiWND� MH� SUR� 7!7FSDUDPDJQHWLFNi�
6XVFHSWLELOLWD�MH�SRSViQD�&XULHYêP�:HLVVRYêP�]iNRQHP�� ��χ = &

7−7F
NGH� �7Fµ�NZ&

.YDQWRY�� PHFKDQLFNê� UR]ERU� SUREOpPX� XNi]DO�� åH� VSRQWiQQt
PDJQHWL]DFH� Y]QLNQH� WHKG\�� MVRX�OL� VSLQ\� VSROX� LQWHUDJXMtFtFK� HOHNWURQ$
RULHQWRYiQ\�VRXKODVQ��

)HURPDJQHWLNHP�P$åH�EêW�OiWND�WHKG\��MH�OL�SRP�U�P�tåNRYp�NRQVWDQW\
D�D�SRORP�UX�SRVOHGQt�REVD]HQp�HOHNWURQRYp�GUiK\�U�Y�Wãt�QHå����� �DU 〉�

3UR�Q�NWHUp�SUYN\�MVRX�KRGQRW\� �Y�WDE������DU

7DE�������+RGQRW\�SRP�UX� �SUR�Q�NWHUp�DWRP\�DU
SUYHN D�U YODVWQRVWL
)H ���� IHURPDJQHWLFNp
&R ���� �
1L ���� �
&U ��� SDUDPDJQHWLFNp
0Q ��� �

=� WDEXON\� MH� YLG�W�� åH� &U� D� 0Q� MVRX� VLFH� SDUDPDJQHWLFNp�� DOH� MVRX
EOt]NR�N�KRGQRW�� ��=Y�WãHQtP�P�tåNRYp�NRQVWDQW\��QDS���]DEXGRYiQtPDU = �
0Q�GR�P�tåN\�VOLWLQ\��O]H�VNXWHþQ��GRFtOLW�VLOQ��IHURPDJQHWLFNêFK�YODVWQRVWt�
MDNR�QDS���X�OiWHN�0Q6E��0Q%L��0Q�&X�$O�
0DJQHWLFNp�GRPpQ\

.ROHNWLYQt� XVSR�iGiQt� PDJQHWLFNêFK� PRPHQW$� DWRP$� YH
IHURPDJQHWLFNêFK� OiWNiFK� YHGH� N� Y\WYR�HQt� GRPpQ�� WM�� PDNURVNRSLFNêFK
REODVWt�Y�REMHPX��NGH�YHNWRU�PDJQHWL]DFH�Pi�VWHMQRX�KRGQRWX��VP�U�L�VP\VO�
/LQHiUQt� UR]P�U� VSRQWiQQ�� PDJQHWRYDQêFK� REODVWt� EêYi� ����� �� ����� P�
REU�������5R]KUDQt�PH]L�GY�PD�GRPpQDPL�VH�QD]êYi�%ORFKRYD�VW�QD�D�Pi
WORXã"NX� DVL� ����P�tåNRYêFK� NRQVWDQW�� =GH� GRFKi]t� N� SRVWXSQpPX� RWiþHQt
YHNWRUX�PDJQHWL]DFH�R�����VWXS�$�

0DJQHWLFNp�GRPpQ\�D�%ORFKRY\�VW�Q\�VH�XVSR�iGDMt� WDN��DE\�FHONRYi
PDJQHWLFNi�HQHUJLH�E\OD�PLQLPiOQt�
.U\VWDORYi�DQL]RWURSLH

0DJQHWLFNp�OiWN\��]HMPpQD�PRQRNU\VWDO\��Y\ND]XMt�VP�URYê�FKDUDNWHU
PDJQHWLFNêFK� YODVWQRVWt�� =iYLVORVW� PDJQHWL]DFH� QD� VP�UX� PDJQHWRYiQt� MH

=�-DQiþHN��3�3RQtåLO��ÒYRG�GR�I\]LN\�SHYQêFK�OiWHN
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]S$VREHQD� PDJQHWLFNRX� NU\VWDORYRX� DQL]RWURSLt�� 9HGOH� WRKR� H[LVWXMH
DQL]RWURSLH� HODVWLFNi�� NWHUi� VH� SURMHYXMH� ]P�QRX� REMHPX� �GpON\�� S�L
PDJQHWL]DFL�D�REUiFHQ��

(ODVWLFNi� DQL]RWURSLH� VH� SURMHYXMH� PDJQHWRVWULNþQtP� MHYHP� �� MH� WR
REMHPRYi� ]P�QD� IHURPDJQHWLND� S�L� S$VREHQt� YQ�MãtKR�PDJQHWLFNpKR� SROH�
1�NWHUp� OiWN\� VH� SURGOXåXMt�� PDJQHWRVWULNFH� MH� NODGQi�� MLQp� VH� ]NUDFXMt�
PDJQHWRVWULNFH� MH� ]iSRUQi�� +RGQRWt� VH� NRHILFLHQW� PDJQHWRVWULNFH� �λ = δ O

O
NWHUê� MH� �iGX� ����� �� ������ 7RKRWR� MHYX� VH� Y\XåtYi� NH� NRQVWUXNFL
XOWUD]YXNRYêFK�JHQHUiWRU$�YHONpKR�YêNRQX��DOH�MHQ�QLåãtFK�NPLWRþW$��NROHP
���N+]�
7HFKQLFNi�PDJQHWL]DþQt�N�LYND�

-HVWOLåH� VH� IHURPDJQHWLNXP� QDFKi]t� S�L� WHSORW�� 7�7F� EH]� YQ�MãtKRPDJQHWLFNpKR� SROH� Y� WDNRYpP� VWDYX�� åH� VRXþHW� PDJQHWLFNêFK� PRPHQW$
YãHFK�GRPpQ�MH�URYHQ�QXOH��POXYt�VH�R�SRþiWHþQtP�QHER�SDQHQVNpP�VWDYX�
.�WDNRYpPX�VWDYX�O]H�GRVS�W�GYRMtP�]S$VREHP�
D�� =DK�iWtP� IHURPDJQHWLN� QDG� &XULHRYX� WHSORWX� V� QiVOHGXMtFtP� SRPDOêP
RFKOD]RYiQtP�EH]�YQ�MãtKR�SROH�
E�� 2GPDJQHWRYiQtP� IHURPDJQHWLND� Y� GR]QtYDMtFtP� YQ�MãtP� VW�tGDYpP
PDJQHWLFNpP�SROL�

1DFKi]t�OL� VH� IHURPDJQHWLFNi� OiWND� Y� SRþiWHþQtP� VWDYX�� MVRX� GRPpQ\
VLFH� VSRQWiQQ�� ]PDJQHWRYiQ\�� DYãDN� XVSR�iGiQ\� WDN�� åH� MHMLFK� YêVOHGQê
YHNWRU�VSRQWiQQt�PDJQHWL]DFH� ��REU�����D��0V = �

2EU�����3RVWXSQp� S�HRULHQWRYiQt� GRPpQ� S�L� S$VREHQt� YQ�MãtKR
PDJQHWLFNpKR�SROH

1HFKiPH�OL� Q\Qt� S$VRELW� YQ�Mãt� PDJQHWLFNp� SROH�� MHKRå� LQWHQ]LWX
SRVWXSQ�� ]Y�WãtPH�� EXGRX� GRPpQ\�� YêKRGQ�ML� RULHQWRYDQp� Y]KOHGHP� NH
VP�UX� D� VP\VOX� YQ�MãtKR� SROH�� ]Y�WãRYDW� VY$M� REMHP� QD� ~NRU� GRPpQ
RULHQWRYDQêFK�QHYêKRGQ��REU�����E���3�L�GDOãtP�]Y\ãRYiQt�LQWHQ]LW\�YQ�MãtKR
PDJQHWLFNpKR� SROH� EXGH� FHOê� SURFHV� SRNUDþRYDW� WDN�� Då� ]$VWDQH� MHGLQi
GRPpQD��'DOãt� ]YêãHQt� LQWHQ]LW\� YQ�MãtKR�PDJQHWLFNpKR� SROH� QDWiþt� YHNWRU

ΗΗΗ ΗΗ =0 >0
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PDJQHWL]DFH� GR� VP�UX� YQ�MãtKR� SROH� �� GRViKQH� VH� QDV\FHQt� PDJQHWL]DFH�
REU����H���'DOãt�]YêãHQt�LQWHQ]LW\�YQ�MãtKR�SROH�MLå�QHP�Qt�YHNWRU�VSRQWiQQt
PDJQHWL]DFH�� QDVWDQH� SRX]H� PDOp� ]YêãHQt� Y� G$VOHGNX� SDUDPDJQHWLFNpKR
MHYX�

-HVWOLåH� VH� SR� GRVDåHQt� QDV\FHQt� PDJQHWL]DFH� LQWHQ]LWD� YQ�MãtKR
PDJQHWLFNpKR� SROH� VQtåt� ]DVH� N� QXOH�� ]EêYi� S�L� +�  � �� W]Y�� UHPDQHQWQt
PDJQHWLVPXV� %U� D� MH� W�HED� XUþLWp� ]iSRUQp� KRGQRW\� YQ�MãtKR� PDJQHWLFNpKR
SROH�+F���W]Y��NRHUFLWLYQt�VtO\��DE\�VH�GRViKOR�QHPDJQHWLFNpKR�VWDYX��NWHUê�DOH
QHQt�WRWRåQê�V�SRþiWHþQtP�VWDYHP��&\NOLFNi�]P�QD�+�Y\WYR�t�W]Y��K\VWHUH]Qt
VP\þNX�%� �I�+����0� �I�+���

)HURPDJQHWLFNê�PDWHULiO�V�Y\VRNRX�KRGQRWRX�UHPDQHQWQt�PDJQHWL]DFH
%U�D�NRHUFLWLYQt�VtO\�+F�VH�SRXåtYi�SUR�SHUPDQHQWQt�PDJQHW\�

6RXþLQ�%U�+F� VH�R]QDþXMH� MDNR� HQHUJHWLFNê� VRXþLQ� D� VRXYLVt� V� HQHUJLt�NWHUi� MH� ]DSRW�HEt� QD� S�HPDJQHWRYiQt� �� MHGHQ� FHOê� F\NOXV� �� REMHPRYp
MHGQRWN\�OiWN\�

3�L� VW�tGDYpP�PDJQHWLFNpP� SROL�� QDFKi]t�OL� VH� IHURPDJQHWLNXP� QDS��
MDNR� PDJQHWLFNp� MiGUR� Y� FtYFH� SURWpNDQp� VW�tGDYêP� SURXGHP�� S�HGVWDYXMH
WDWR�HQHUJLH�]WUiW\�S�HPDJQHWRYiQtP��NWHUp�VH�SURMHYXMt�]DK�tYiQtP�

7RKRWR� MHYX� VH� Gi� Y\XåtW� SUR� Y\VRNRIUHNYHQþt� ]DK�tYiQt�� NDOHQt�
VYD�RYiQt�D�WDYHQt�IHURPDJQHWLFNêFK�PDWHULiO$�

1D� GUXKp� VWUDQ�� VH� SUR� WUDQVIRUPiWRURYi� MiGUD�� SOHFK\� URWRU$
HOHNWURPRWRU$� D� JHQHUiWRU$� VW�tGDYpKR� QDS�Wt� PXVt� Y\EtUDW� WDNRYp
IHURPDJQHWLFNp�PDWHULiO\��NWHUp�VH�Y\]QDþXMt�ãWtKORX�K\VWHUH]Qt�VP\þNRX��+FPDOp���DE\�]WUiW\�E\O\�Qt]Np�

+\VWHUH]Qt� N�LYN\� PDJQHWLFN\� WYUGpKR� D� PDJQHWLFN\� P�NNpKR
PDWHULiOX�MVRX�QD�REU�������

2EU������+\VWHUH]Qt� VP\þND� IHURPDJQHWLFNêFK� OiWHN� D�� PDJQHWLFN\� WYUGê
PDWHULiO� YKRGQê� SUR� SHUPDQHQWQt� PDJQHW\�� E�� PDJQHWLFN\� P�NNê
PDWHULiO�YKRGQê�SUR�SRXåLWt�YH�VW�tGDYêFK�PDJQHWLFNêFK�SROt�
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3UR� SHUPDQHQWQt� PDJQHW\� VH� SRXåtYDMt� VOLWLQ\� $O1L&R�� 9HOPL
Y\VRNêFK� KRGQRW� HQHUJHWLFNpKR� VRXþLQX� VH� Gi� GRViKQRXW� X� VSHFLiOQtFK
VORXþHQLQ�QD�Ei]L�Y]iFQêFK�]HPLQ�D�NREDOWX�5&R���5�&R����1HMOHSãt�]QiPê
SHUPDQHQWQt� PDJQHW� MH� VORXþHQLQD� 1G)H%� Y\UiE�Qi� SU$PXVORY�� PHWRGRX
NRYRYêFK�VNHO�

3UR�SRXåLWt�YH�VW�tGDYêFK�SROtFK�VH�SRXåtYDMt�PDJQHWLFN\�P�NNp�VOLWLQ\
QD� Ei]L� QLNOX� �SHUPDOOR\�� VXSHUPDOOR\��� NWHUp� PDMt� QHMHQ� ãWtKOp� K\VWHUH]Qt
VP\þN\��YHOPL�PDOp�PDJQHWLFNp�]WUiW\���DOH�WDNp�Y\VRNRX�SHUPHDELOLWX�

����)HULPDJQHWLFNp�D�DQWLIHURPDJQHWLFNp�OiWN\
8� Q�NWHUêFK� OiWHN� GRFKi]t� N� DQWLSDUDUHOQt� RULHQWDFL� VSLQRYêFK

PRPHQW$�� 1D� UR]GtO� RG� SDUDOHOQtKR� XVSR�iGiQt� VSLQRYêFK� PRPHQW$� X
IHURPDJQHWLFNêFK� OiWHN� VH� WDNRYê� VWDY� QD]êYi� DQWLIHURPDJQHWLVPHP�
REU������

2EU�������8VSR�iGiQL� VSLQRYêFK�PRPHQW$��D��SDUDOHOQt�X� IHURPDJQHWLVPX�
E�� DQWLSDUDOHOQt� X� DQWLIHURPDJQHWLVPX�� F�� QHY\NRPSHQ]RYDQp
DQWLSDUDOHOQt�X�IHULPDJQHWLVPX

3RGOH� 1HpORY\� WHRULH� VH� DQWLIHURPDJQHWLFNi� OiWND� VNOiGi� ]H� GYRX
SRGP�tåHN�� NGH� S�L� WHSORWiFK� SRG� 1HpORYX� WHSORWX� 71� MVRX� PDJQHWLFNp
PRPHQW\� RERX� SRGP�tåHN� VWHMQp� D� DQWLSDUDOHOQt�� WDNåH� VH� Y]iMHPQ�� UXãt�
&HOê� NU\VWDO� Pi� QXORYê� PDJQHWLFNê� PRPHQW�� WM�QHH[LVWXMH� SHUPDQHQWQt
PDJQHWL]DFH�� 6XVFHSWLELOLWD� DQWLIHURPDJQHWLN� χ!�� D� GRVDKXMH� KRGQRW
���������� SURWR� VH� DQWLIHURPDJQHWLND� þDVWR� SRYDåXMt� ]D� ]YOiãWQt� S�tSDG
SDUDPDJQHWLN�
)HULPDJQHWLVPXV�VH�Q�NG\�QD]êYi�QHY\NRPSHQ]RYDQê�DQWLIHURPDJQHWLVPXV�
)HULPDJQHWLFNi� OiWND� MH� WYR�HQD� GY�PD� SRGP�tåNDPL� V� U$]QêPL
PDJQHWLFNêPL� PRPHQW\�� NWHUp� VH� QHNRPSHQ]XMt�� WDNåH� OiWND� VH� Y\]QDþXMH
VSRQWiQQt� PDJQHWL]DFt� �0�  �0$�� 0%��� 1HM]QiP�Mãt� ]� OiWHN�� YH� NWHUêFK� MH
PRåQp� SR]RURYDW� WHQWR� W\S�PDJQHWLFNp� VWUXNWXU\� MVRX� IHULW\� �� RGWXG� Qi]HY
IHULPDJQHWLVPXV��1pHO��

)HULPDJQHWLND� VH� Y� PQRKD� RKOHGHFK� FKRYDMt� MDNR� IHURPDJQHWLND�
6SROHþQ�� MH� ]D�D]XMHPH�GR� VNXSLQ\� VLOQ��PDJQHWLFNêFK� OiWHN�� QD� UR]GtO� RG

IHUR� DQWLIHUR� IHUL�
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VODE�� PDJQHWLFNêFK� OiWHN� Y\ND]XMtFtFK� GLDPDJQHWLVPXV�� SDUDPDJQHWLVPXV
QHER�DQWLIHURPDJQHWLVPXV�

)HULPDJQHWLND� PDMt� YHONê� WHFKQLFNê� Yê]QDP�� FRå� VRXYLVt� ]HMPpQD� V
WtP��åH�MHMLFK�P�UQê�RGSRU�MH�Y\VRNê��R�Q�NROLN��iG$�Y\ããt�QHå�X�NRYRYêFK
IHURPDJQHWLN���

7]Y�� SUDYR~KOp� IHULW\�� WM�� PDWHULiO\�� NWHUp� VH� Y\]QDþXMt� SUDYR~KORX
K\VWHUH]Qt� VP\þNRX�� VH� SRXåtYDMt� YH� WYDUX� PDOêFK� WRURLGQtFK� MDGHU� MDNR
PDJQHWLFNp�SDP�"RYp�SUYN\�

9HGOH�P�NNêFK�IHULW$�H[LVWXMt�Wpå�PDJQHWLFN\�WYUGp�IHULW\��NWHUp�VH�KRGt
SUR� DSOLNDFL� MDNR� SHUPDQHQWQt�PDJQHW\��0DMt� VORåHQt�%D2���)H�2���� %D� VHQ�NG\�QDKUD]XMH�6U��3E��9\UiE�Mt�VH�PHWRGRX�SUiãNRYp�PHWDOXUJLH�
)HULW$�MH�FHOi��DGD��QHME�åQ�Mãt�MVRX�IHULW\
�� VH� VSLQHORYRX� VWUXNWXURX� �VSLQHO� 0J2�$O�2�� �� YL]� .HUDPLFNp� PDWHULiO\�
W\SX�0H2�)H�2�� ��NGH�0H�MH�Q�NWHUê�]�GYRMPRFQêFK�NRYRYêFK�LRQW$��QDS��
0J����0Q�����)H�����&R����
�� V� JUDQiWRYRX� VWUXNWXURX� W\SX� [�0H�2��\� )H�2���0H� MH� SUYHN� ]H� VNXSLQ\
Y]iFQêFK�]HPLQ�
�� PDJQHWRSOXPELWRYp� VWUXNWXU\� 0H2� �Q� )H�2�� �QHMG$OHåLW�Mãt� SUDNWLFN\� MHIHULW�EDUQDWê��

)HQRPHQRORJLFNRX� WHRULL� IHULPDJQHWLVPX� Y\SUDFRYDO� Y� URFH� ����� /�
1pHO��=�Qt�Y\SOêYi��åH�Y]QLN�IHULPDJQHWLVPX�MH�SRGPtQ�Qê�S�tWRPQRVWt�LRQW$
V� QHQXORYêP� PDJQHWLFNêP� PRPHQWHP� Y� RERX� SRGP�tåNiFK�� 1HQt�OL
SRGPtQND�VSOQ�QD��FKRYi�VH�IHULW��=Q2�)H�2���MDNR�SDUDPDJQHWLNXP�Y�FHOpP
UR]VDKX�WHSORW�

1pHORYD�WHRULH�Y\VY�WOLOD�]FHOD�XVSRNRMLY��H[SHULPHQWiOQ��SR]RURYDQê
SU$E�K� WHSORWQt� ]iYLVORVWL� VSRQWiQQt� PDJQHWL]DFH�� 1D� REU������ MVRX� GYD
W\SLFNp�S�tNODG\�WpWR�]iYLVORVWL�

2EU�������0DJQHWL]DFH�SRGP�tåHN�D�YêVOHGQi�PDJQHWL]DFH�
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9�S�tSDG��D��MH�PDJQHWL]DFH�SRGP�tåN\�$�YåG\�Y�Wãt�QHå�PDJQHWL]DFH
SRGP�tåN\�%��3U$E�K�YêVOHGQp�PDJQHWL]DFH�MH�DQDORJLFNê�MDNR�X�NRYRYêFK
IHURPDJQHWLN�

9� S�tSDG�� E�� MH� Y� LQWHUYDOX� WHSORW� �� Då�7.�PDJQHWL]DFH� SRGP�tåN\�$
Y�Wãt�QHå�SRGP�tåN\�%��Y�LQWHUYDOX�WHSORW�7.�Då�7&�MH�WRPX�QDRSDN��3�L�WHSORW�
7.� MVRX� PDJQHWL]DFH� Y\NRPSHQ]RYDQp�� OiWND� VH� FKRYi� MDNR
DQWLIHURPDJQHWLNXP�

7HSORWQt� ]iYLVORVW� PDJQHWLFNp� VXVFHSWLELOLW\� IHULW$� QDG� &XULHRYRX
WHSORWRX� VH� QH�tGt� DQL� &XULHRYêP� DQL� &XULH�:HLVVRYêP� ]iNRQHP�� -H� WR
VORåLW�Mãt�]iYLVORVW��=�1pHORY\�WHRULH�Y\SOêYi�SUR�WXWR�]iYLVORVW�K\SHUEROLFNê
]iNRQ�

1D� REU�� ����� MVRX� SUR� VURYQiQt� QDNUHVOHQ\� WHSORWQt� ]iYLVORVWL
VXVFHSWLELOLW\�IHURPDJQHWLFNêFK�PDWHULiO$�

2EU�� ������ 7HSORWQt� ]iYLVORVW� VXVFHSWLELOLW\� D� MHMt� S�HYUiFHQp� KRGQRW\� SUR
IHULW\�

3�HKOHGQp� WDEXON\� Q�NWHUêFK� IHUR��� IHUL�� D� DQWLIHURPDJQHWLFNêFK
PDWHULiO$�MVRX�Y�WDE������������
7DE������)HURPDJQHWLND

0DWHULiO 7F�.� 0R�7�
)H ����� �������
&R ����� �������
1L ��� �������
*G ��� �������
'\ �� �������
&U%U� �� �������
$X�0Q$O ��� �������
&X�0Q$O ��� �������
&X�0Q,Q ��� �������
(X2 �� �������

77F

1/χ

7F

χ
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(X6 ���� �������
0Q$V ��� �������
0Q%L ��� �������
*G&O� ��� �������

7DE������$QWLIHURPDJQHWLND

0DWHULDO 7F�.� 0DWHULDO 7F�.�
0Q2 ��� .&R)� ���
)H2 ��� 0Q)� �����
&R2 ��� )H)� ����
1L2 ��� &R)� ����
5E0Q)� ���� 0Q&O� �
.)H)� ��� 96 �����
.0Q)� ���� &U ���

7DE�����)HULPDJQHWLND
0DWHULDO 7F�.� 0��7�
)H�2��PDJQHWLW� ��� �������
&R)H�2� ��� �������
1L)H�2� ��� �������
&X)H�2� ��� �������
0Q)H�2� ��� �������
<�)H�2���<,*� ��� �������

����6ORåLW�Mãt�PDJQHWLFNp�VWUXNWXU\�
.URP��S�WL�]iNODGQtFK�W\S$�PDJQHWLFNpKR�FKRYiQt�E\OR�QDOH]HQR�MHãW�

GDOãtFK�GHY�W�W\S$��NWHUp�VH�REMHYXMt�]HMPpQD�X�DPRUIQtFK�SHYQêFK�OiWHN��YH
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NWHUêFK�åiGQp�GY��DWRPRYp�SRORK\�QHMVRX�HNYLYDOHQWQt��D�X�QHXVSR�iGDQêFK
SHYQêFK� OiWHN�� YH� NWHUêFK� MVRX� SRORK\� Y� SUDYLGHOQp� NU\VWDORYp� P�tåFH
QHSUDYLGHOQ��REVD]HQ\�U$]QêPL�LRQW\�

3RGUREQê�S�HKOHG�YL]�QDS���þDV��ýV��)\]��$��������������������
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